Topological materials exhibit edge-localized modes protected by their nontrivial bulk topology. In recent years, the notions of the bulk band topology and the topological edge modes have been extended to non-Hermitian Hamiltonians that can describe open-system dynamics with dissipations and injections. Here, we reveal that in non-Hermitian systems robust gapless edge modes can ubiquitously appear owing to an alternative mechanism that cannot be predicted from bulk topology. The robustness of these edge modes originates from yet another topological structure accompanying the branchpoint singularity around an exceptional point, at which eigenvectors coalesce and the Hamiltonian becomes nondiagonalizable. Their inherent eigenenergy spectra naturally lead to the application for amplifying edge modes that transfer the enhanced wave packets along the edge of the sample. We numerically confirm the emergence and the robustness of the proposed edge modes in the prototypical models. Furthermore, we show that these edge modes appear in a model of chiral active matter based on the hydrodynamic description, demonstrating that active matter can exhibit an inherently non-Hermitian topological feature. Our study indicates the breakdown of the bulk-edge correspondence beyond the existing frameworks of non-Hermitian topological phases. arXiv:1912.09055v1 [cond-mat.mes-hall] 
Topologically nontrivial bands have been one of the central issues in condensed matter physics. Studies date back to the discovery of the quantum Hall effect [1] , where the quantized Hall conductance can be linked with a bulk topological invariant [2] . Nowadays, the topological band theory is extended to time-reversal-symmetric systems, including topological insulators and topological superconductors [3, 4] . These systems exhibit unidirectional propagating modes localized at the edge of the system. The presence or absence of edge modes is consistently characterized by the bulk topological invariants via the bulk-edge correspondence [4] . The topological numbers are invariant under continuous deformations of the Hamiltonian and thus indicate the robustness of the edge modes against disorder. Because of this robustness, the topological materials can exhibit the scattering-free current and are strong candidates for materials with novel functionalities. While conventional topological materials have been realized in electronic systems described by quantum mechanics [4] , recent researches have shown that topological edge modes can also exist in linear dynamics of classical systems, including photonic systems [5, 6] , mechanical lattices [7, 8] , and fluids [9, 10] .
Although Hamiltonians are Hermitian in closed quantum systems, effective Hamiltonians in nonconservative systems can be non-Hermitian. This holds true also in classical systems by making the analogy between the linearized equation of classical dynamics and the Schrödinger equation. Studies along this line have been well explored in photonic systems, where non-Hermiticity can be introduced by engineering optical gain and loss through semiconductor amplifiers and acoustic modulators [11] [12] [13] . More recently, non-Hermitian physics has also been discussed in a variety of systems, including ultracold atoms [14, 15] , optomechanics [16, 17] , and electronic circuits [18, 19] . In particular, topologically nontrivial band structures have been explored in non-Hermitian regimes [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . While in Hermitian systems the presence of gapless edge modes is linked with nontrivial bulk topology, the bulk-edge correspondence has, in general, been unestab-lished in non-Hermitian cases.
In this article, we reveal a ubiquitous mechanism for realizing robust gapless edge modes protected in an unconventional manner unique to non-Hermitian systems. Such edge modes appear independently of the bulk topology and thus indicate the breakdown of the bulk-edge correspondence. In the conventional topologically nontrivial systems, the proposed mechanism can further stabilize the gapless edge modes, even against symmetry-breaking disorder. These edge modes inherently exhibit large imaginary parts of the eigenenergies and thus are naturally applicable to topological insulator laser [30] , where the amplified unidirectional wave packet propagates along the edge of the sample. We demonstrate the emergence of the proposed gapless edge modes and the lasing wave packets by numerical calculation of the prototypical tight-binding models.
The robustness of our edge modes owes to the distinct topological structures of exceptional points (EPs), and thus here we term them as exceptional edge modes. The EP [31] is a singular point in the parameter space at which two or more eigenvectors and eigenvalues coalesce and a parameterized Hamiltonian becomes nondiagonalizable. The EP is unique to non-Hermitian systems and induces intriguing phenomena, such as interchanging eigenvectors after encircling an EP [32] , coherent perfect absorption [33] , and unidirectional invisibility [34] . The existence of EPs is supported by the nontrivial topology of the branchpoint singularity in intersecting Riemann surfaces around them [32, 35] . We discover a general mechanism that EPs join two edge dispersions like glue and make them robust against disorder, which cannot be predicted by the existing periodic tables of topological phases [23, 28, 29] .
Furthermore, we explicitly show the existence of exceptional edge modes in a more realistic system based on active matter [36] , which is a collection of self-propelled particles and has recently attracted much interest as a useful platform to study biological and out-of-equilibrium physics. Recent researches [37] [38] [39] [40] [41] [42] If we consider Chern insulators with even Chern numbers, the bulk of the combined system becomes topologically trivial. However, when we use a non-Hermitian coupling to combine two Chern insulators, robust gapless modes can appear at the edge of the sample. (b) Two-layered non-Hermitian Bernevig-Hughes-Zhang model is considered to demonstrate the prototypical band structure of exceptional edge modes. We numerically calculate the edge band structure for the 1 × 50 ribbon-shaped system under the open boundary condition in the x direction and the periodic boundary condition in the y direction. Four gapless bands per edge exist in the bulk energy gap and thus imply the topologically trivial bulk of the system. In the edge bands, we also find exceptional points (EPs) (indicated by red points in the insets), which are the wavenumbers at which the edge eigenstates coalesce and the Hamiltonian becomes nondiagonalizable. We can confirm that the imaginary parts of the eigenenergies appear from the EPs. These EPs play the role of the "glue" of the edge modes and thus prevent gap opening by perturbations or disorders.
in active matter protected by the bulk topology. Some of them [39, 40, 42] have utilized chiral active matter, which moves in a circular path or self-rotates. Chiral active matter has been experimentally realized, for example, in bacteria [43] and artificial L-shaped particles [44] . The hydrodynamics [45, 46] and the phase separation [47] of chiral active matter have also been analyzed in recent studies. The effective Hamiltonian for the linearized hydrodynamic equations in active matter is, in general, non-Hermitian because of inherent dissipations and energy injections. We demonstrate that this type of non-Hermitian chiral active matter provides an ideal platform to experimentally realize the proposed exceptional edge modes.
Two-layered non-Hermitian Bernevig-Hughes-Zhang model for exceptional edge modes.-We first construct and analyze a minimal tight-binding model. For a Hermitian Hamiltonian H, time-reversal symmetry means that there exists a unitary operator T satisfying T H(k)T −1 = H * (−k), where H(k) is the Bloch Hamiltonian for H [4] . The definition of time-reversal symmetry can be extended to non-Hermitian systems and it has been pointed out [21, 23, 28, 29] that there are two types of time-reversal symmetry, i.e., T H(k)T −1 = H * (−k) and T H(k)T −1 = H T (−k), which are equivalent in Hermitian systems while not in non-Hermitian cases. One can construct the conventional time-reversalsymmetric topological insulator by coupling a Chern insulator with its time-reversal counterpart [3, 48] . The bulk bands of a time-reversal-symmetric insulator are topologically characterized by the Z 2 index [3, 4] , which corresponds to the parity of the number of the edge modes across the Fermi energy. If we construct a time-reversal-symmetric system from Chern insulators with even numbers of edge modes, we obtain a topologically trivial bulk. However, we reveal that such a trivial bulk can still accompany robust gapless edge modes by introducing non-Hermitian coupling between the two Chern insulators (see Fig. 1a ).
To construct the minimal model for demonstrating the emergence of such edge modes, we consider the two-layered Qi-Wu-Zhang (QWZ) model, H 0 = I 2 ⊗ H QWZ + cσ x ⊗ I 2 , which exhibits two chiral modes per edge in the bulk energy gap. Here, H QWZ is the Hamiltonian for the QWZ model [49] (see Supplementary Information), I 2 is the 2 × 2 identity matrix, and σ i is the ith component of the Pauli matrices. Also, we assume that c is real, and thus the Hamiltonian is still Hermitian. By coupling H 0 and its time-reversal counterpart H * 0 with a non-Hermitian term, iΣ = i(β + β )I 2 ⊗ σ x /2 + i(β − β )σ z ⊗ σ x /2 with β, β being real parameters, we obtain the following non-Hermitian Hamiltonian
(1) We note that this model resembles the Bernevig-Hughes-Zhang model [48] but differs from it since our model has two layers of the QWZ model and the coupling is non-Hermitian. We can confirm that this Hamiltonian has time-reversal symmetry T H(k)T −1 = H * (−k), and thus have to consider Z 2 indices as in Hermitian systems (see Supplementary Information). Below we focus on the parameter regimes in which the bulk bands are trivial in the conventional sense, i.e., the number of the edge modes in H 0 is even.
To reveal the existence of robust edge modes, we calculate the band structure of our model with open (periodic) boundaries in the x (y) direction. Figure 1b shows the band structure for the wavenumber in the y direction. There, gapless edge bands exist in the bulk energy gap and they accompany EPs, where both the eigenenergies and the eigenstates coalesce. The EPs act as a "glue" that holds the edge band structures together and thus stabilize the existence of exceptional edge modes. It is worth noting that the edge modes between two EPs, in general, exhibit the large imaginary parts of the eigenenergies, while all the bulk modes can have zero imaginary parts of the eigenenergies, as shown in the present model. As discussed below, this property finds a possible application to realize a topological insulator laser [30] .
To explicitly demonstrate that the appearance of EPs is independent of the bulk topology and thus violates the bulkedge correspondence, we consider the Hamiltonian with the additional Hermitian coupling, H = H + γσ x ⊗ σ y ⊗ σ x . By modifying the strength of the non-Hermitian coupling β, β , we can control the existence of edge modes and EPs in the bulk gap. On the other hand, during this modification, the bulk energy gap remains open. Therefore, the bulk topology should remain trivial for arbitrary strength of the non-Hermitian coupling and thus have no relation to the exceptional edge modes.
While we have concentrated on time-reversal-symmetric systems so far, time-reversal symmetry is not the prerequisite for realizing exceptional edge modes. If the sum of the Chern numbers of the bulk bands below the energy gap is zero, a system without relevant symmetries cannot exhibit gapless edge modes protected by bulk topology. However, combining the topological systems with the opposite Chern numbers by the non-Hermitian coupling, we can obtain not only a trivial bulk but also robust exceptional edge modes.
Effective edge Hamiltonian and robustness of exceptional edge modes.-Robustness against the perturbation and the disorder is an important feature of topological edge modes. We note that conventional topological edge modes are fragile under the perturbations breaking the symmetry. To see what types of perturbations can sustain stable exceptional edge modes, we consider a general one-dimensional effective Hamiltonian for wavenumber k y , Since we consider the bulk gaps for the real parts of eigenenergies, the gapless edge modes remain when there exists a real wavenumber k y that satisfies
Thus, we can conclude that |Im β 2 + γ 2 | ≤ |Im α| is necessary and sufficient for the existence of robust edge modes (see Supplementary Information) . Also, the exceptional edge modes remain, i.e., −α ± β 2 + γ 2 is real under Im α = 0, Im (β 2 + γ 2 ) = 0, Re (β 2 + γ 2 ) > 0. We note that the first and the second conditions are equivalent to the condition for pseudo-Hermiticity [50] , which ensures that the eigenenergies are either real or pairs of complex conjugate values. In general, disorder in the existing terms satisfies this condition. Meanwhile, nonzero Re α can break the time-reversal symmetry. However, perturbation to Re α does not affect the stability of exceptional edge modes even if they accompany nontrivial bulk topology of a time-reversal-symmetric system.
To confirm the robustness of the exceptional edge modes in our model, we calculate the band structure with adding disorder (see Fig. 3 ). We show that the exceptional edge modes still exist robustly under certain types of disorders, i.e., the random real on-site potential and the imaginary noise in the coupling terms. Also, the on-site non-Hermitian term, igσ z ⊗ I ⊗ I, recovers the robustness of the edge modes against the real noise in the coupling terms, which lifts the degeneracy in the edge bands without on-site terms. With the on-site non-Hermitian term, since the two edge modes avoid each other in the imaginary part of the energy, they are not degenerate and thus are prohibited to open the real gaps. These results are consistent with the analysis for the effective edge Hamiltonian.
In general, in Hermitian systems, the physical significance of the periodic table obtained from the bulk band topology is guaranteed by the bulk-edge correspondence that consistently predicts the presence or absence of robust gapless edge modes for open boundaries [4] . In contrast, in non-Hermitian cases, our findings force us to fundamentally alter this point of view. In fact, when g 0 in our model, the robust gapless edge modes appear while the bulk topological invariant is trivial. In other words, the robust gapless edge modes found here violate the bulk-edge correspondence and cannot be captured by the existing periodic tables [23, 28, 29] of non-Hermitian topological phases, thus challenging the conventional classification based on Bloch Hamiltonians. Application to amplifying edge modes.-We next show that an edge mode with nonzero group velocity can be amplified by utilizing exceptional edge modes. To realize the lasing edge modes with nonzero group velocity, we should construct the system with edge modes described by the following effective edge Hamiltonian:
To demonstrate that we can realize such edge modes, we consider the following Hamiltonian:
where H QWZ is the Hamiltonian for the QWZ model. Figure  4a shows the edge band structure for this system. Nonzero imaginary parts of the eigenenergies appear only in the edge modes as in our first model. Also, the edge modes exhibit nonzero slopes of the real energy dispersion ∂ReE/∂k, which correspond to nonzero group velocities. Thus, we can observe the amplified wave packet propagating along the edge of the sample. We note that this Hamiltonian is no longer time-reversal symmetric. The sum of the Chern numbers for the bands under the energy gap determines the robustness of the edge modes, which is zero for our model. Therefore, the edge modes are protected not by the bulk band topology but by the EPs.
In general, exceptional edge modes are essential for this construction of a topological insulator laser. To obtain lasing edge modes, we must utilize a pair of edge modes localized at the same side whose dispersion relations cross each other without coupling terms. Also, to accomplish nonzero group velocity, the absolute values of the slopes of the edge energy bands must be different. Therefore, the degeneracy is not protected by the bulk band topology or the symmetry and thus can be resolved by Hermitian couplings as shown in Fig. 4b . On the contrary, non-Hermitian couplings lead to both the enhancement and the robustness of the edge mode. Thus, the lasing edge mode must be an exceptional edge mode.
We demonstrate the real-space dynamics of our topological insulator laser (4) by numerical calculations. Figure 5 shows the snapshots for the real-space distributions of the probability densities of the wave functions. Without non-Hermitian coupling, β = 0, the bulk oscillation survives. With non-Hermitian coupling, β 0, the bulk oscillation becomes much smaller than the edge oscillation in a short time, and only the edge mode remains even if we start with the random initial state. Also, we can confirm that the edge mode has nonzero group velocity. Furthermore, we introduce disorder on the edge and excite only one edge site. Then, we obtain the propagating edge mode without backscattering. This implies the robustness of the exceptional edge mode against the disorder at the edge. In contrast to the previous research [30] , we do not need to introduce judicious gain along the edge. This difference can potentially facilitate the realization of topological insulator laser in various physical setups.
Active matter realization of exceptional edge modes.-Analogous to the conventional topological edge modes [51] , the exceptional edge modes can also exist in continuum systems. We construct a continuum toy model and confirm the existence of exceptional edge modes by calculating the band structure (see Supplementary Information for the detail).
To show that exceptional edge modes are indeed realizable in realistic systems, we focus on a continuum active matter model. We consider chiral active matter without the left-right symmetry in which each particle moves on a clockwise (or counterclockwise) circular trajectory (Fig. 6a ). We mix clockwise and counterclockwise moving particles. We also assume that the chirality of active particles flips occasionally and the flipping rate γ is symmetric between clockwise and counterclockwise moving particles. The active particles have long and narrow shapes. We assume that polar interaction acts on them, which aligns the neighboring particles and effectively appears in some self-propelled rods [52] . This setup can possibly be experimentally realized by utilizing bacteria [43] , artificial L-shaped particles [44] , or robotic rotors [42] . Here, the crucial requirements for the experimental realization of exceptional edge modes are the flippable chirality and the mo-mentum coupling.
In Fig. 6b , we show the existence of exceptional edge modes by numerically diagonalizing the effective Hamiltonian of our active matter model, which is derived by linearizing the hydrodynamic equations [36, 53] (see Supplementary  Information) . We confirm that a pair of EPs appear at the frequency ω = 0 and support the robustness of the edge modes. Meanwhile, at a glance, there are degeneracies in the bulk gap. However, the edge modes avoid each other in the imaginary part of the frequency like in Fig. 3c , and thus these apparent degeneracies are robust against the disorder. We also confirm the gap openings by the non-Hermitian terms and this implies the difficulty in predicting the effective coupling effect on the pair of edge modes from the original form of the coupling terms. In realistic experimental situations, we expect that the oscillation of the fluctuation of the density or the velocity field propagates at the edge of the sample in the direction depending on the chirality of particles (i.e., clockwise or counterclockwise) when we apply the perturbation with a small frequency compared to the bulk bandgap, which is almost equal to the frequency of rotation ω.
Summary and Discussions.-We revealed the existence of robust gapless edge modes unique to non-Hermitian systems by utilizing EPs. These edge modes, which we called exceptional edge modes, can exist even when the bulk topology is trivial. We also analyzed and confirmed the robustness of the edge modes by constructing the effective edge Hamiltonian. By utilizing these edge modes, we proposed a topological insulator laser whose edge modes were amplified and propagate along the edge. We also showed that the chiral active particles with chirality flipping can exhibit the exceptional edge modes and thus they can be realized in the upcoming experimental techniques of active matter.
The edge modes found here provide an alternative design principle to construct robust edge modes intrinsic to non-Hermitian systems, which is not based on the bulk topology, and thus indicates that the existing periodic table [23, 28, 29] Re E wavenumber ky Im E wavenumber ky The edge band structure calculated for the cylindrical system is shown. The negativity of the imaginary part of eigenenergies implies the linear stability of the steady state. Since there exist four bands per edge in the bulk gap, the bulk topology is trivial in the conventional sense. The red circles represent the EPs that lead to the robustness of the edge modes. Also, we can find apparent edge-band crossings in the bulk real energy gap, which are denoted as the green triangles. However, the edge modes do not really cross there, because they avoid each other in their imaginary parts of the eigenenergies. Therefore, the apparent degeneracies are artifacts, and thus the gapless edge modes are not broken by disorder.
is insufficient to predict the presence or absence of robust edge modes in non-Hermitian systems. 
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Derivation of the condition for remaining gapless edge modes From the analysis of the effective edge Hamiltonian (cf. Eq. (2) in the main text), we conclude that |Im β 2 + γ 2 | ≤ |Im α| is the necessary and sufficient condition for the existence of gapless edge modes. To show this, we start from the equation Re (k y + α) 2 − β 2 − γ 2 = 0, which leads to the eigenenergy E ± = E 0 ± iδ with δ being a real number. For a wavenumber satisfying this equation, the real parts of the two eigenenergies become the same, and thus we obtain the gapless edge modes. Then, we prove that the existence of such a wavenumber is equivalent to the condition |Im β 2 + γ 2 | ≤ |Im α|. We consider α = Im α and k y = k y + Re α, and obtain (k y + α) 2 = k 2 y − α 2 + 2ik y α . Similarly, if we describe β 2 + γ 2 = l + i β , we obtain (k y + α) 2 = l 2 − β 2 + 2il β . To make (k y + α) 2 − β 2 − γ 2 a real or a pure imaginary number, we have to set Im[(k y + α) 2 − β 2 − γ 2 ] = 0 and thus consider k y = l β /α . Then, we obtain
and this is zero or negative if and only if β 2 ≤ α 2 . Thus |Im β 2 + γ 2 | ≤ |Im α| is the necessary and sufficient condition for the existence of a wavenumber satisfying Re (k y + α) 2 − β 2 − γ 2 = 0.
Tight-binding models in real-space basis
Here we explicitly describe the Hamiltonian used in the main text. The Hamiltonian of the Qi-Wu-Zhang (QWZ) model [49] in the real-space basis is denoted as
where h.c. represents the Hermitian conjugate of the previous term and σ i is the ith component of the Pauli matrices. This model contains two sublattices. To construct a minimal model for exceptional edge modes, we prepare two layers of the QWZ model to construct a higher Chern number insulator as is done in the previous studies [57, 58] . Then, we combine them with their time-reversal counterparts by a non-Hermitian coupling. The obtained Hamiltonian can be written by a 4 × 4 matrix form as
In the numerical calculation (cf. Fig. 1b in the main text), we use the parameters u = −1, c = 0.2, β = 1.4, and β = 0.6. We also consider the Hamiltonian with the Hermitian coupling and exhibit that the exceptional edge modes can appear without bulk gap closings (cf. Fig. 2 in the main text). The Hamiltonian used for this purpose is described as
In the numerical calculation for this Hamiltonian, we use the parameters u = −1, c = 0.2, β = 0.9, β = 0.7, and α = 0.8 and change the parameter a.
Absence of imaginary parts of eigenenergies in the two-layered Bernevig-Hughes-Zhang model
We discuss why the bulk bands of the two-layered Bernevig-Hughes-Zhang model exhibit only the real eigenenergies (cf. Eq. (1) and Fig. 1b in the main text). We can directly show that the imaginary parts of the bulk eigenenergies become zero at least in the range of the first-order perturbation with respect to the non-Hermitian coupling. If we describe the QWZ Hamiltonian H = R · σ, where R = (sin k x , sin k y , u + cos k x + cos k y ) T = |R|(sin θ cos φ, sin θ sin φ, cos θ) T and σ = (σ x , σ y , σ z ) T , we obtain the explicit form of the eigenvector of the QWZ model,
By utilizing these expressions, we can obtain the eigenvector of the two-layered QWZ model,
On the other hand, we note H * QWZ (−k) = R (k) · σ with R (k) = (− sin k x , sin k y , u + cos k x + cos k y ). If we rewrite R as |R |(sin θ cos φ , sin θ sin φ , cos θ ), we obtain θ (k) = θ(k), φ (k) = π − φ(k). The first-order perturbation by non-Hermitian coupling can be obtained from a matrix whose elements are ±, R(k)|σ x |±, R (k) , and we can calculate them as, for example,
Therefore, the first-order perturbation becomes zero for the bulk bands and thus does not generate nonzero imaginary parts of the eigenenergies.
Topological index for exceptional points in the complex wavenumber space
It has been proposed [24] that the topological invariants for exceptional points (EPs) can be defined in the two-dimensional wavenumber space. In our models, however, EPs appear in the edge band structure for one-dimensional wavenumber k y . Considering the complex wavenumber, we assume that the EPs appear in the two-dimensional parameter space of the real and imaginary parts of the wavenumber. Then, we can define the topological invariant for the EPs in the edge band structure as
where E ± (k y ) is the eigenenergy of the two bands around the EPs and δ is the small radius of the circular integral path. We note that in our model two edge eigenstates coalesce at each EP, while in general three or more edge eigenstates can coalesce at one EP. In the latter case, we need to generalize the definition of the topological index to include the effect of all the relevant eigenvalues. We next calculate the topological index of the EPs in the exceptional edge modes via the effective edge Hamiltonian H(k y ) = E 0 I + k y σ z + i β σ x , which describes exceptional edge modes in the disorder-free system. The Hamiltonian possesses the eigenenergies E ± (k y ) = E 0 ± k 2 y − β 2 = E 0 ± k y − β k y + β and EPs at k y = ±β . We can calculate the topological index around the EP at k y = β as
where we consider a circle with a small radius δ centered at k y = β as the integral path. Similarly, we can check that the topological index of the EP at k y = −β is 1/2. These topological indices are invariant under the continuum deformation of the Hamiltonian, thus indicating the robustness of the EPs in the complex wavenumber space.
Spreading of the edge wave packet induced by the complex frequencies
In the real-space simulation of the topological insulator laser (cf. Fig. 5 in the main text), the edge wave packet gradually spreads. To understand the origin of such spreading, we consider the one-dimensional wave packet described as
By expanding the index around the wavenumber k 0 , which maximizes Im ω, we obtain the following expression,
where v g = ∂Re ω ∂k is the group velocity of the wave packet. The last exponential represents the spreading wave packet, which does not appear in the real dispersion. To see the spreading clearly, we consider φ(k) = 1 and obtain the wave packet
where A = −∂ 2 Im ω/∂k 2 > 0. This implies that the width of the wave packet increases in proportional to the square root of time.
We also calculate the group velocity and the spreading speed of the lasing wave packets described by the following edge effective Hamiltonian,
This Hamiltonian exhibits the eigenenergies E = E 0 ±[(a−1)k± (a + 1) 2 k 2 − 4β 2 ]/2 and the imaginary parts take the maximum or minimum values at the wavenumber k = 0. Therefore, the group velocity v g and the spreading speed A are v g = (a − 1)/2 and A = (a + 1) 2 /(4β).
Two-layered topological insulator laser
The two-layered Bernevig-Hughes-Zhang model (cf. Eq. (1) and Fig. 1b in the main text) exhibits the nonzero imaginary part of the eigenenergies only in the exceptional edge modes as is the case for the topological insulator laser [30, 59] . Thus, we can construct another topological insulator laser by modifying that model. The Hamiltonian for such a topological laser is described as As we constructed the topological insulator laser analyzed in the main text (cf. Eq. (4) and Fig. 4 in the main text), we modify the strength of the hopping in the two-layered QWZ model and couple the time-reversal two-layered QWZ model with a non-Hermitian coupling. Supplementary Figure S1 shows the edge band structure of this Hamiltonian. We can confirm the nonzero slope and the nonzero imaginary part of the energy in the energy dispersion corresponding to the lasing, mobile edge modes.
Exceptional edge modes in a continuum system While we first consider the time-reversal-symmetric lattice model in the main text, exceptional edge modes can also appear in continuum systems. We construct such a continuum model with the Hamiltonian
where H 0 is the continuum Hamiltonian for a Chern insulator with two gapless modes per edge:
and C is the non-Hermitian coupling: with a, b, M, and β being real parameters. This model has the time-reversal symmetry as shown later. By numerically diagonalizing the Hamiltonian, we obtain the edge band structure shown in Supplementary Fig. S2 , where two gapless modes exist per edge, indicating the trivial bulk. However, those edge modes contain EPs and thus are stabilized against the disorder.
Derivation of the effective Hamiltonian for two-component chiral active matter
We describe the detailed derivation of the effective Hamiltonian for our active matter model via the Boltzmann-Ginzburg-Landau approach [61, 62] . We start with the particle model with polar interactions and rotational forces. We assume that the system is dilute such that three-and more-particle confliction are not significant. The dynamics of each particle is described as
, θ l (t)) + ω i dt + ξ j (when jth and lth particles conflict),
where r j and θ j are the location and the direction of the jth particle and i represents the direction of rotation. n(θ j ) is the unit vector whose argument is θ j . ω i creates the constant rotational force and ξ j is the Gaussian noise on the direction of each particle, which satisfies ξ j (t) = 0 and ξ j (t)ξ k (t ) = T δ jk δ(t − t ) with T being the effective temperature. Φ i,k is the angle after the collision between the iand k-rotating particles, which usually takes the mean value of the angles of two colliding particles. Also, we assume that the chirality i flips occasionally at the rate γ. We note that if we consider ω i = 0 and only one component, this model reduces to the Vicsek model [63] except for the absence of the three-or more-particle confliction.
From the stochastic particle model, we derive the following Boltzmann equation,
where f i is the one-particle distribution function for the i-rotating particles and
are the self-diffusion integral, the collision integral between the same species, and that between the different species for each. P(η) is the noise distribution, which is supposed to be Gaussian in the present setup, and K(θ 2 − θ 1 ) represents the collision kernel. Here, we utilize the molecular chaos hypothesis, which assumes that the two-body distribution function can be described as the product of the one-body distribution functions.
To derive hydrodynamic equations, we conduct the Fourier transformation of the obtained Boltzmann equation. We consider the following Fourier(-like) components:
It is noteworthy that one can calculate P k , I i k,q , and I i, j k,q from the microscopic parameters. Performing the Fourier transformation, we obtain the following equation:
where ∇ = ∂ x + i∂ y and ∇ * = ∂ x − i∂ y . By definition, f i 0 and (Re f i 1 , Im f i 1 ) T are equivalent to the density and the velocity field, respectively. With a little algebra, we obtain the equations for k = 0, 1, 2,
where we omit the high-frequency terms, f i k (k ≥ 3), which are irrelevant in the following discussion. Since we consider the polar active matter, f i 1 becomes the leading order term. We have to balance the following terms in the equations (S31), (S32), (S33),
Therefore, we obtain the following scaling relations,
By considering the terms with the order 2 , we can confirm that the f i 2 can be described as a linear combination of ∇ f j 1 , ( f j 1 ) 2 , and f j 1 f l 1 . By substituting this, we finally obtain the hydrodynamic equations,
where i represents the chirality of active matter, i.e., the anticlockwise (i = 1) and clockwise (i = 2) moving direction. ρ i (r, t) is the density field of active matter and p i (r, t) = ρ i (r, t)v i (r, t)/v i ss is the momentum field divided by the steady-state velocity, where v i (r, t) is the local average of velocities of self-propelled particles. Here, we omit some derivative terms and some higherorder terms with respect to . However, we remain the higher-order term including p i * = (−p y , p x ) T to make the effective Hamiltonian compact (shown to be important for defining the topological invariant in continuum space [60] ) This term is called odd viscosity and has been derived in the hydrodynamic equations of chiral active matter in previous research [46] . We note that these equations are similar to the Toner-Tu equations [53] , hydrodynamic equations for one-component polar active matter. However, unlike the Toner-Tu equations, they contain a Coriolis-force-like term, ω i × p i , and momentum-coupling terms, (c i, j (ρ) + d i, j (p))p j . The origins of the Coriolis-force-like term and the momentum-coupling terms are the chirality and the polar interaction between particles with the different chiralities.
Linearizing the above hydrodynamic equations around a steady-state solution, we derive differential equations for the fluctuations of density and velocity fields,
where ρ i ss and v i ss represent the steady-state values of the density and the velocity field, respectively, and δρ i (r, t) = ρ i (r, t)−ρ i ss (r) and δv i (r, t) = v i (r, t) − v i ss (r) are their fluctuations. While the above equations describe the linear dynamics around arbitrary steady-state solutions, here we consider the nonordered steady state, ρ 1 ss = ρ 2 ss ≡ ρ ss , v i ss = 0, and the symmetric or antisymmetric parameters, c 1,2 (ρ ss ) + d 1,2 (p ss ) = c 2,1 (ρ ss ) + d 2,1 (p ss ) = −a i (ρ ss ) − b i (p ss ) ≡ β, ω 1 = −ω 2 ≡ ω 0 , ρ 1 ss = ρ 2 ss ≡ ρ 0 , γ 1,2 = γ 2,1 ≡ γ. By nondimesionalizing the equations, we finally obtain the following linearized equations in the frequency domain,
with H being the effective Hamiltonian defined as
where δρ i and δṽ i x,y represent the Fourier components of the nondimensionalized fluctuation of the density and the velocity field, respectively, and all the parameters are also nondimensionalized. We note that the Hamiltonian H 0 represents the effective Hamiltonian for topological fluid, which can be realized by utilizing chiral active matter [40] . Our Hamiltonian is no longer time-reversal symmetric. Since we combine the two topological systems with the opposite Chern numbers, the edge modes in Fig. 6b are not protected by the bulk topology. On the other hand, the coupling term C is non-Hermitian and thus creates EPs in the edge bands that protect the gapless modes. For numerical calculation, we use the parameters ω = 1, ν = 0.5, γ = 0.3, and β = 0.5.
While we have considered the two-valued rotational force ω, the distribution of rotational velocities must be continuous in practice. However, if we can separate moving particles into two groups with clockwise and anticlockwise rotations, the coursegrained dynamics of chiral active matter should not be changed. We can model such a situation by considering the following stochastic process of ω,
where U and ξ ω represents the effective potential and the Gaussian noise, respectively. If we consider a double-well potential U that has minima at ω = ±ω 0 , the particles can be divided by their directions of rotations. We can derive the Boltzmann equation,
where f = f (r, θ, ω, t) is the one-particle distribution function, and I di f [ f ] and I col [ f ] are the self-diffusion integral and the collision integral for each. By integrating the equation for ω < 0 (ω > 0), we can derive the time evolution of the one-particle distribution function for clockwise (anticlockwise) particles and check that the obtained equations are equivalent to the equations with the two-valued rotational force.
Symmetry class of our models
In Hermitian systems, three types of Z 2 symmetries (i.e., the time-reversal symmetry, the particle-hole symmetry, and the chiral (sublattice) symmetry) play an important role in the classification of topological band structures [4, 64] . The timereversal (particle-hole, chiral) symmetry means that there exists a unitary operator T (C, Γ) which satisfies T H(k)T −1 = H(−k) * (CH(k)C −1 = −H(−k) T , ΓH(k)Γ −1 = −H(k) † ) and TT * = ±1 (CC * = ±1, Γ 2 = 1), where H(k) is the Bloch Hamiltonian. Because of Γ = CT, if there are two of these symmetries, the system also exhibits the other Z 2 symmetry. Therefore, we can classify Hermitian Hamiltonians into 10 Altland-Zirnbauer (AZ) classes [4] concerning the Z 2 symmetries.
Recent researches [23, 28, 29] have extended the Z 2 symmetries and the AZ symmetry classes to non-Hermitian systems. We need to reconsider the discrepancy between H and H † and thus distinguish two types of each Z 2 symmetry, i.e., T H(k)T −1 = H(−k) * and T H(k)T −1 = H(−k) T for the time-reversal symmetry, CH(k)C −1 = −H(−k) T and CH(k)C −1 = −H(−k) * for the particle-hole symmetry, ΓH(k)Γ −1 = −H(k) † and ΓH(k)Γ −1 = −H(k) for the chiral (sublattice) symmetry. In a previous paper [29] , the symmetry ΓH(k)Γ −1 = −H(k) † is called the chiral symmetry, and ΓH(k)Γ −1 = −H(k) is called the sublattice symmetry, and the two other Z 2 symmetries are distinguished by adding the dagger for the latter definition. For the topological classification, it is evident that the daggered time-reversal symmetry (the daggered particle-hole symmetry) coincides with the particle-hole symmetry (the time-reversal symmetry). By utilizing these extended Z 2 symmetries, one can obtain the 38 Bernard-LeClair (BL) classes [28, 29, 65, 66] . In non-Hermitian systems, the chiral symmetry and the sublattice symmetry are independent of each other, and thus increase the number of the symmetry classes. In particular, whether the sublattice-symmetry operator commutes or anticommutes with each of the other Z 2 operators plays an important role in the classification.
The periodic table for topological insulators predicts the existence or absence of topological invariants for the Bloch Hamiltonian in each AZ class. To define the topological index in non-Hermitian Hamiltonians, we must reconsider the energy gap. In Hermitian systems, the eigenenergies distribute on the one-dimensional energy axis and thus have only point-like gaps in their spectra. On the contrary, in non-Hermitian systems, the eigenenergies can be complex and thus distribute on the twodimensional space, which leads to the variety of the definitions of the energy gaps [23] . Especially, the periodic table for non-Hermitian Hamiltonians deals with line gaps and point gaps. If we can draw a line that separates complex energy spectra, the band structures have the line gap. On the other hand, energy spectra can encircle a point in the complex energy space, which never occurs in Hermitian Hamiltonians. Such a point is called a point gap and leads to topological invariants unique to non-Hermitian systems. Besides, to properly take the constraint of the symmetry into account, we need to consider both the line gaps parallel to the real and imaginary axes of the complex energy space for some BL classes. The periodic table indicates what type of topological invariants appear for each kind of energy gap in the Hamiltonian belonging to each non-Hermitian BL class.
One can discuss the symmetries and the topological invariants in the Hamiltonians of our models. Here, we focus on the lattice model with the on-site imaginary potential (cf. Fig. 3d in the main text) and demonstrate that exceptional edge modes are not characterized by the topological invariant predicted from the periodic table [23, 28, 29] . The Hamiltonian is described as follows in terms of the Pauli matrices 
Furthermore, these operators satisfy TT * = −1 and [T, S] = 0. Therefore, we conclude that this Hamiltonian belongs to the S + AII class according to a proposed periodic table [29] and thus should have only the trivial index. However, as shown in the main text, this Hamiltonian can exhibit gapless edge modes protected by EPs, which cannot be captured by the periodic table, thus demonstrating the breakdown of the bulk-edge correspondence (cf. Fig. 3d in the main text). While one can readily check that the other Hamiltonians can have nontrivial bulk indices, exceptional edge modes in those models also can emerge independently of the bulk topological invariants. Thus, the predictions from the periodic table are irrelevant to the presence or absence of robust gapless edge modes proposed in the present work.
